Abstract. The influence of flowing liquid on the motion of long bubbles in horizontal channel is studied theoretically. The method of Benjamin (1968) is extended to the case of moving liquid: the liquid is inviscid, the surface tension is ignored and the liquid motion at infinity is characterized its velocity profile. The exact solutions for the bubble velocity and the liquid film thickness are given under an integral form. An approximate analytical solution can be found when the mean liquid velocity is weak enough versus the drift velocity. Two cases are investigated: the Couette flow and the Poiseuille flow. At first order, the two cases lead to identical solutions. The influence of the velocity distribution appears only at the second order.
INTRODUCTION
The motion of bubbles in a channel or a tube is influenced by two mechanisms: gravity and transport by the mean liquid velocity. Nicklin et al. [1] have showed by experiments that the bubble velocity in vertical tube in a flowing liquid with the mean velocity u 0 , can be expressed in the form:
where V ∞ is the bubble drift velocity in stagnant liquid due to the force of Archimedes and C 0 is a factor whose value depends on the liquid velocity profile imposed upstream the bubble. The influence of the liquid motion on the bubble velocity was analyzed theoretically by Collins et al. [2] and Bendiksen [3] for axis-symmetrical bubble in vertical pipes. The flow is supposed to be inviscid and rotational, the upstream vorticity distribution being determined by a given velocity profile. Collins et al. [2] have obtained expressions for the bubble velocity, which agree well with the experimental results and the results of Bendiksen taken into account the influence of the surface tension. In the horizontal case, the theoretical analysis of Benjamin [4] showed that, the drift velocity is equal to V ∞ = 0.542 √ gD in a horizontal tube and V ∞ = 0.5 √ 2ga in a channel (D is the tube diameter and 2a is the height of the channel).
In this paper, the Benjamin approach is extended to the case of a bubble moving in a flowing liquid for two cases: the Couette flow and the Poiseuille flow of the liquid upstream the bubble.
FORMULATION OF THE PROBLEM
The schematic representation of a plane bubble in a flowing liquid in horizontal channel is presented in Fig. 1 . The presentation of the velocity field is made in a reference frame moving with the bubble. In this reference frame, the bubble remains motionless and the flow is stationary. In this study, the fluid is supposed inviscid and the flow is rotational. The vorticity distribution being prescribed sufficiently far upstream from the bubble are determined by the imposed velocity profile. To suppose the inviscid fluid and the rotational flow returns in fact to neglect the side effects while holding account of the principal effects of viscosity. Such an approach was proposed before by Lamb [5] and Batchelor [6] . It is appropriate particularly for the flows in which exists an interface where viscous shearing can be neglected due to the fact that the vorticity diffusion closes to the interface remains negligible. It is the case for axis-symmetric bubbles in vertical pipes which was treated successfully by Collins et al. [2] and by Bendiksen [3] .
In steady plane flow, the vorticity ω remains constant on streamlines. Hence, it can be written:
where ψ is the stream function which satisfies a Poisson's equation:
The function f (ψ) is obtained from the conditions imposed upstream of the bubble at x = −∞. Velocity u a in the fixed frame is indeed known there and depends only on y.
In the frame attached to the bubble, velocity at x = −∞ gets the form:
By choosing the arbitrary constant, ψ(−∞, 0) = 0, the stream function and the vorticity at x = −∞ express themselves by:
It is generally not possible to eliminate the coordinate y between the Eqs in (5) to get a relation having the form of the Eq. (2). However, this relation can be put, by taking account of the equation (4), in the following parametric form:
where Y is a parameter which has the same dimension as y.
With regard to the boundary conditions associated with the Eq. (3), the stream function is given far upstream of the bubble, on the lower wall (ψ = ψ 1 ), on the upper wall and on the interface (ψ = ψ 2 ). However, the form of the interface is not known a priori. In the absence of surface tension, the pressure on the surface in the liquid is constant and the Bernoulli theorem, written between the stagnation point B and a point of interface, gives an additional equation which allows to determine the bubble form:
Finally, enough far from the stagnation point, the flow in film is fully developed and the interface is parallel to the channel bottom. The velocity field is uniform there, so that one can write ∂ψ/∂x = 0.
Such a solution will give velocity in any point of the field as well as the form of the interface. The originality of the Benjamin method consists in the fact that it is not necessary to calculate the velocity field to obtain the bubble velocity in the case of a horizontal channel. Indeed, a global momentum equation in direction x, associated with the Bernoulli equation on the streamlines ψ 1 and ψ 2 , is enough, provided that the velocity distributions are known in the entrance and the exit. In the case of a bubble moving in stagnant liquid, the flow is irrotational and velocity distributions are uniform if the position of the entrance and the exit is chosen enough far from the stagnation point. Moreover, and it is the key point there, the shape of the bubble does not intervene in the momentum equation in direction x since the liquid weight have no contribution in horizontal direction and that the pressure is zero on the interface. The analytical solution of Benjamin for velocity is moreover analytical because the flow is irrotational. We extended here the method to the case of the rotational flow in order to analyze the influence of the liquid motion when the flow is fully developed or under development.
The global momentum equation written between section A and the section C (see Fig. 1 ) by choosing the pressure reference in the gas (p B = p C = 0) has the form:
The study will limited for the flows for which the upper wall is motionless, this allows to impose u A = V . Assuming the hydrostatic distribution of pressure in the sections A and C, the integrals of pressure in the equation can be calculated, with the Bernoulli equations written on the streamline ψ = ψ 2 between A and B, the global momentum Eq. (7) becomes :
The Bernoulli equation written on the streamlines ψ = ψ 2 between B and C has the form:
In the case treated by Benjamin, the liquid is motionless in section A, in the moving reference frame velocity is uniform and equal to V , and u C can be calculated from continuity equation 2aV = du C . The film thickness and the bubble velocity can be obtained: d = a and V = 0.5 √ 2ga. Let's return now to the general case of flowing liquid for which the upstream velocity distribution is known. Then the integral in the left-hand side member of the Eq. (8) is known. It remains to calculate that of the right-hand side member.
At infinity x = +∞, the Poisson Eq. (2) for the stream function becomes:
where the function f is known from the parametric form (6). This equation can be solved with the following conditions on the lower wall and interface:
The Eq. (10) as well as the conditions (11) can be used to determine the velocity profile at infinity below the bubble. The solution allows to determine the integral in the second member of the Eq. (8) in function of the liquid film thickness d and the bubble velocity V .
Finally, the three Eqs (8), (9) and (10) with the boundary conditions (11) form a system closed for the three unknowns ψ (+∞, y), V and d.
SOLUTIONS
We will use from now the dimensionless variables in which the length is scaled by the channel half-width a and velocity by √ 2ga. The Eqs (8), (9), (10) and (11) in dimensionless form become:
with the boundary conditions:
Couette flow upstream of the bubble
We will consider now the case when the channel upper wall is fixed and the lower wall moves with the constant velocity 2u 0 , where u 0 is the mean velocity. The vorticity is constant: ω = ω 0 = −u 0 . In the moving reference frame, the velocity profile upstream of the bubble is written:
The stream function at x = −∞ can be obtained by (5):
The stream function at x = +∞ obtained by the solution of the Eq. (12) with the conditions (15) has the form:
Now we can determine the velocity u(+∞, y) in the film in section C and replace it into the momentum Eq. (14) and Eq. (13). This allows to obtain the equations for the film thickness d and the bubble velocity V :
The equation (16) can be put in the form of a polynomial of the second degree in ω 2 0
with coefficients depending only on d. Four roots thus are obtained. The solution which tends in a monotonous way towards V = 0.5 and ω 0 = 0 (Benjamin [4] ), when d → 1 is written: In Fig. 2 we presented the solutions for u 0 ranging between -2 and + 1.5. It can be observed that the approximate solution gives excellent results when u 0 ranging between -0.5 and +0.5. When the lower wall is moved at the velocity 2u 0 , it induces a mean liquid velocity u 0 in the channel. The additional velocity ∆V which results from it is thus in first order approximation equal to u 0 /2, i.e. half the mean velocity. The additional motion of the bubble is thus not due to the advection by the average flow, but it is above all very sensitive to the velocity distribution near the stagnation point. In the first order approximation, all occurs in fact as if the bubble were advected by the average flow in the upper half of the channel.
Poiseuille flow upstream of the bubble
Let us examine now the case where the bubble is pushed by a flow with variable vorticity. The bubble velocity and the film thickness are obtained by solving the equations (12) to (15). However, when the vorticity ω is a monotone function of ψ, it can be obtained an expression for u(Y ) = u(+∞, Y ) in explicit form. Indeed, in section C it can be written:
By noting that u 2 (Y = 1) = u 2 C = 2 − d, and taking account (6), we can obtain:
By using the change of variables : dy = − du ω = − 1 ω du dY dY , and taking account of y(1) = d − 1, we can deduce that:
The solution of the system of equations (19)- (20) allows to determine the two unknown V and d for a given velocity distribution u a (y).
For Poiseuille flow the velocity profile is parabolic and given by
The system of equations (19)- (20) (21) is limited to −0.5 < u 0 < 0.5. It's worth to note that in both flow cases, the approximate solutions for velocity and film thickness (Eqs (18) and (21)) are identical to first order. They differ only by the term in u 2 0 .
DISCUSSION
In both cases, the approximate solution at the first order is identical. It is then independent of the velocity distribution upstream of the bubble. So by returning to the dimensional variables, we can write:
The solution of the first order shows also a surprising result: the bubble is advected, not by the average flow but by a velocity equal to half of the mean velocity.
By taking V ∞ = 0.5 √ gD in (1), the C 0 coefficient, is given approximately by: Thus it is not constant and it varies with the Froude number (u 0 / √ gD) of the average flow. It also depends on the velocity distribution upstream of the bubble by the coefficient V 2 as seen in Fig. 4 . It can be noted that the less uniform the velocity distribution is the more sensitive the coefficient to the mean velocity.
